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Abstract

In this paper we introduce trajectory-based labeling, a
new aspect of dynamic map labeling where a move-
ment trajectory for the map viewport is given. We
define a general labeling model and study the active
range maximization problem in this model. The prob-
lem is NP-complete and we present a practical ILP
formulation for the general case. For the restricted
case that no more than k labels can be active at any
time, we give a polynomial-time algorithm.

1 Introduction

In contrast to traditional static maps, dynamic dig-
ital maps support continuous movement of the map
viewport based on panning, rotation, or zooming. In
this paper, we take a trajectory-based view on map
labeling. In many applications, e.g., car navigation, a
movement trajectory is known in advance and it be-
comes interesting to optimize the visualization of the
map locally along this trajectory.

Selecting and placing a maximum number of non-
overlapping labels for various map features is an im-
portant cartographic problem. Labels are usually
modeled as rectangles and the objective in a static
map is to find a maximum (possibly weighted) in-
dependent set of labels. This is known as NP-
complete [6] and there are approximation algorithms
and PTAS’s in different labeling models, e.g. [1, 5].

With the increasing popularity of interactive dy-
namic maps, e.g., as digital globes or on mobile de-
vices, the static labeling problem has been translated
into a dynamic setting. Due to the temporal dimen-
sion of the animations occurring during map move-
ment, it is necessary to define a notion of temporal
consistency or coherence as to avoid distracting effects
such as jumping or flickering labels [2]. Previously,
consistent labeling has been studied from a global per-
spective under continuous zooming [3] and continuous
rotation [7]. In practice, however, an individual map
user is typically interested only in a specific part of a
map and it is thus often more important to optimize
the labeling locally for a certain trajectory of the map
viewport than globally for the whole map.
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Figure 1: Illustration of the viewport moving along
a trajectory. Left the user’s view and right a general
view of the map and the viewport.

We introduce a new and versatile trajectory-based
model for consistent map labeling, which we apply
to point feature labeling for a viewport that moves
and rotates along a differentiable trajectory in a fixed-
scale base map in a forward-facing way. It is no sur-
prise that maximizing the number of visible labels in-
tegrated over time in our model is NP-complete. We
present a practical ILP model for the general unre-
stricted case and a polynomial-time algorithm for the
restricted case that no more than k labels are active at
any time for some constant k. We note that limiting
the number of active labels is of interest in particular
for dynamic maps on small-screen devices.

2 Trajectory-Based Labeling Model

Let M be a labeled north-facing and fixed-scale map,
i.e., a set of points P = {p1, . . . , pn} in the plane to-
gether with a corresponding set L = {`1, . . . , `n} of
labels. Each label `i is represented by an axis-aligned
rectangle of individual width and height. We call the
point pi the anchor of the label `i. Here we assume
that each label has an arbitrary but fixed position
relative to its anchor, e.g., with its lower left corner
coinciding with the anchor. The viewport R is an ar-
bitrarily oriented rectangle of fixed size that defines
the currently visible part of M on the map screen.
The viewport follows a trajectory that is given by a
continuous differentiable function T : [0, 1]→ R2. For
an example see Figure 1. More precisely, we describe
the viewport by a function V : [0, 1] → R2 × [0, 2π].
The interpretation of V (t) = (c, α) is that at time t
the center of the rectangle R is located at c and R
is rotated clockwise by the angle α. Since R moves
along T we define V (t) = (T (t), α(t)), where α(t) de-
notes the direction of T at time t. We sometimes refer
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to R at time t as V (t). To ensure good readability,
we require that the labels are always aligned with the
viewport axes as the viewport changes its orientation,
i.e., they rotate around their anchors by the same an-
gle α(t), see Figure 1. We denote the rotated label
rectangle of ` at time t by `(t).

We say that a label ` is present at time t, if V (t)∩
`(t) 6= ∅. As we consider the rectangles `(t) and V (t)
to be closed, we can describe the points in time for
which ` is present by closed intervals. We define
for each label ` the set Ψ` that describes all dis-
joint subintervals of [0, 1] for which ` is present, thus
Ψ` = {[a, b] | [a, b] ⊆ [0, 1] is maximal so that ` is
present at all t ∈ [a, b]}. Further, we define the dis-
joint union Ψ = {([a, b], `) | [a, b] ∈ Ψ` and ` ∈ L} of
all Ψ`. We abbreviate ([a, b], `) ∈ Ψ by [a, b]` and call
[a, b]` ∈ Ψ a presence interval of `.

Two labels ` and `′ are in conflict with each other
at time t if `(t) ∩ `′(t) 6= ∅. If `(t) ∩ `′(t) ∩ V (t) 6=
∅ we say that the conflict is present. As in [7] we
can describe the occurrences of conflicts between two
labels `, `′ ∈ L by a set of closed intervals: C`,`′ =
{[a, b] ⊆ [0, 1] | [a, b] is maximal and ` and `′ are
in conflict at all t ∈ [a, b]}. We define the disjoint
union C = {([a, b], `, `′) | [a, b] ∈ C`,`′ and `, `′ ∈ L}
of all C`,`′ . We abbreviate ([a, b], `, `′) ∈ C as [a, b]`,`′

and call it a conflict interval of ` and `′.

The tuple (P,L,Ψ, C) is called an instance of
trajectory-based labeling. Note that the essential in-
formation of T is implicitly given by Ψ and C. If we
assume that the trajectory T is a continuous, differ-
entiable chain of m circular arcs we can compute Ψ
in O(m · n) time and C in O(n2) time using simple
geometric observations. We omit the details due to
space restrictions.

Next we define the activity of labels, i.e., when to
actually display which of the present labels on screen.
We restrict ourselves to closed and disjoint intervals
describing the activity of a label ` and define the
set Φ` = {[a, b] ⊆ [0, 1] | ` is active at all t ∈ [a, b]}, as
well as the disjoint union Φ = {([a, b], `) | [a, b] ∈ Φ`

and ` ∈ L} of all Φ`. We abbreviate ([a, b], `) ∈ Φ
with [a, b]` and call [a, b]` ∈ Φ an active interval of `.

It remains to define an activity model restricting
Φ in order to obtain a reasonable labeling without
label overlaps or inconsistent dynamic behavior like
label flickering. Here we propose three activity models
AM1, AM2, AM3 with increasing flexibility. All three
activity models guarantee consistency and share the
following three restrictions: (1) a label can only be
active at time t if it is present at time t, (2) to avoid
flickering each presence interval contains at most one
active interval, and (3) if two labels are in conflict at
a time t, then at most one of them may be active at
time t to avoid overlapping labels.

What distinguishes the three models are the possi-
ble points in time when labels can become active or
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Figure 2: The light gray intervals show presence in-
tervals, the hatched intervals active intervals and the
dark gray intervals conflicts between labels.

inactive. The first and most restrictive activity model
AM1 demands that each label ` is either active for a
complete presence interval [a, b]` ∈ Ψ or never active
in [a, b]`. The second activity model AM2 allows an
active interval of a label ` to end earlier than the
corresponding presence intervals if there is a witness
label `′ for that, i.e., an active interval for ` may end
at time c if there is a starting conflict interval [c, d]`,`′

and the conflicting label `′ is active at c. However,
AM2 still requires every active interval to begin with
the corresponding presence interval. The third ac-
tivity model AM3 extends AM2 by also relaxing the
restriction regarding the start of active intervals. An
active interval for a label ` may start at time c if
a present conflict [a, c]`,`′ involving ` and an active
witness label `′ ends at time c. In this model active
intervals may begin later and end earlier than their
corresponding presence intervals if there is a visible
reason for the map user to do so, namely the start or
end of a conflict with an active witness label.

A common objective in both static and dynamic
map labeling is to maximize the number of la-
beled points. In our setting, we want to maximize∑

[a,b]`∈Φ w([a, b]`), where w([a, b]`) is the weight of

the active interval [a, b]`, e.g., w([a, b]`) = b− a. This
corresponds to displaying a maximum number of la-
bels integrated over the time interval [0, 1]. Given an
instance (P,L,Ψ, C), then with respect to one of the
three activity models we want to find an activity Φ
that maximizes

∑
[a,b]`∈Φ w([a, b]`); we call this op-

timization problem GeneralMaxTotal. If we re-
quire, that at any time t at most k labels are active for
a constant k, we call it k-RestrictedMaxTotal.

3 Solving GeneralMaxTotal

We observe that GeneralMaxTotal is NP-
complete by a straight-forward reduction from the
NP-complete maximum independent set of rectangles
problem [6]. We simply interpret the set of rectangles
as a set of labels, choose a short vertical trajectory T
and a viewport R that always contains all labels.

Theorem 1 GeneralMaxTotal is NP-complete.

Since we are still interested in finding an optimal
solution for GeneralMaxTotal we have developed
integer linear programming (ILP) formulations for all
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three activity models. Due to space constraints we
only present the ILP for AM3. It is then straight-
forward to adapt this ILP for AM1 and AM2.

We define E to be the totally ordered set of the
interval boundaries of all presence and all conflict in-
tervals and additionally include 0 and 1; see Figure 2.
We call each interval [c, d] between two consecutive
elements c and d in E an atomic segment and denote
the i-th atomic segment of E by E(i).

For each label ` and for each E(i) we introduce
three binary variables x`i , b

`
i and e`i . If the label is

active during E(i) the variable x`i is set to 1, otherwise
x`i = 0. The variable b`i is set to 1 if and only if E(i)
is the first atomic segment of an active interval of `,
and analogously e`i = 1 if and only if E(i) is the last
atomic segment of an active interval of `.

Now we are ready to introduce the constraints
of the ILP. In order to ensure property (1) we set
(A) b`i = e`i = x`i = 0 for all segments E(i) that are
not contained in any presence interval of `. To en-
sure property (2), we require for every presence inter-
val [a, b]` ∈ Ψ that (B)

∑
j∈J b

`
j ≤ 1 and

∑
j∈J e

`
j ≤ 1,

where J = {j | E(j) ⊆ [a, b]}. Next, for every conflict
interval [c, d]`,`′ ∈ C and every E(i) ⊆ [c, d] we require

(C) x`i + x`
′

i ≤ 1 so that at most one of both labels
can be active during segment E(i) (property (3)).

The desired meaning of the variables x`i , b
`
i and e`i is

obtained as follows. For all labels ` ∈ L we introduce
the constraint b`1 = x`1 for the first segment E(1), and
for the remaining segments E(i), i > 1, we introduce
the constraints (D) x`i−1 + b`i = x`i +e`i−1. This means
that if ` is active during E(i − 1) (x`i−1 = 1), then
it must either be active during E(i) (x`i = 1) or the
active interval ends with E(i− 1) (e`i−1 = 1), and if `
is active during E(i) (x`i = 1) then it must be active
during E(i−1) (x`i−1 = 1) or the active interval begins
with E(i) (b`i = 1).

To model the admissible boundaries of the active
intervals according to AM3 we consider for all seg-
ments E(j) ⊂ [a, b]` which are neither the first nor
the last atomic segments in [a, b]` the following two
constraints. Let c`,`1 , . . . , c`,`k ∈ C be all conflicts of `
that contain E(j − 1) but not E(j), i.e., the conflicts

end with E(j − 1). We require (E) b`j ≤
∑k

i=1 x
`i
j−1,

where b`j = 0 if no such conflict exists. Condition (E)
ensures that at least one label of `1, . . . , `k is active
during E(j−1) if ` becomes active with E(j). Analo-
gously, let c`,`1 , . . . , c`,`k ∈ C be all conflicts of ` that
contain E(j+1) but not E(j), i.e., the conflicts begin

with E(j+1). We require (F) e`j ≤
∑k

i=1 x
`i
j+1, where

e`j = 0 if no such conflict exists.

The objective function is
∑

`∈L
∑|E|−1

i=1 x`i ·w(E(i)).

Obviously, |E| ≤ |Ψ|+ |C|+ 2. We obtain O((|Ψ|+
|C|) · |L|) variables and O((|Ψ|+ |C|) · |L|) constraints.

We have evaluated all three models on the street
map of the city center of Karlsruhe, Germany with

over 2000 labels. Using randomly chosen trajectories
based on shortest paths in the road network we could
show that the ILPs provide practically useful running
times. Using a map scale of 1:2000 we could com-
pute Φ in less than a second for a vast majority of
trajectories. For a scale of 1:4000, the running times
for AM1 and AM2 still remain in the range of one sec-
ond while the running time of AM3 lies in the order
of minutes, again excluding a few outliers.

4 Solving k-RestrictedMaxTotal

In this section we show that the problem k-
RestrictedMaxTotal can be solved in polynomial
time. Due to space constraints we only give a de-
scription of our algorithms for AM1; they can be
easily extended to AM2 and AM3. Note that solv-
ing k-RestrictedMaxTotal is related to finding a
maximum cardinality k-colorable subset of intervals
in interval graphs. This can be done in polynomial
time in both n and k [4]. However, we have to con-
sider additional constraints due to conflicts between
labels, which makes our problem more difficult. In
the following, we first give algorithms that solve k-
RestrictedMaxTotal for k = 1, and k = 2, and
then sketch how to extend this to any constant k > 2.

Note that for the case that at most one label can be
active (k = 1) conflicts between labels do not matter.
Thus, it is sufficient to find an independent subset of
Ψ of maximum weight. This is equivalent to finding a
maximum weight independent set on interval graphs,
which can be done in O(n) time [8], given that the
intervals are sorted. We denote this algorithm by A1.

Before we give our polynomial-time algorithm
that solves 2-RestrictedMaxTotal we require
some definitions. We say two presence inter-
vals [a, b]` and [c, d]`′ are in conflict if there is a con-
flict [f, g]`,`′ ∈ C with [f, g]`,`′ ∩ [a, b]` ∩ [c, d]`′ 6= ∅.
We assume that the intervals of Ψ = {I1, . . . , Im} are
sorted in non-decreasing order by their left endpoints.
We call a tuple of two presence intervals (Ii, Ij),
Ii, Ij ∈ Ψ a separating pair if i < j, Ii and Ij overlap
and are not in conflict with each other. Further, a
separating pair (Ip, Iq) is smaller than another sepa-
rating pair (Ii, Ij) if and only if p < i or p = i, q < j.
We denote the set of all separating pairs by S.

We observe that a separating pair (Ii, Ij) contained
in any solution of 2-RestrictedMaxTotal splits
the set of presence intervals into two independent sub-
sets. Specifically, a left (right) subset L[i, j] (R[i, j])
that contains only intervals which lie completely to
the left (right) of the intersection of Ii and Ij and are
neither in conflict with Ii nor Ij ; see Figure 3.

We are now ready to describe our dynamic
programming algorithm. For ease of notation we
add two dummy separating pairs to Ψ. One pair
(I−1, I0) with presence intervals strictly to the left
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Figure 3: Illustration of presence intervals. Both
(Ii, Ij) and (Ip, Iq) are separating pairs. The intervals
of L[i, j] are marked by a left arrow and the intervals
of R[p, q] are marked by a right arrow. Intervals that
are in conflict are connected by a dotted line.

and one pair (Im+1, Im+2) with presence intervals
strictly to the right of [0, 1]. Note that since all
original presence intervals are completely contained
in [0, 1] every optimal solution contains both dummy
separating pairs. Our algorithm computes a two-
dimensional table T , where for each separating pair
(Ii, Ij) there is an entry T [i, j] that stores the value
of the optimal solution for L[i, j]. We compute T
from left to right starting with the dummy sep-
arating pair (I−1, I0) and initialize T [−1, 0] = 0.
Then, we recursively define for every separating
pair (Ii, Ij) ∈ S: T [i, j] = maxp,q{T [p, q] + w(Ip) +
w(Iq) + A1(R[p, q] ∩ L[i, j]) | p < q < j, (Ip, Iq) ∈
S, the intervals Ip, Iq, Ii, and Ij are not in conflict}.
For a fixed separating pair (Ii, Ij) our algorithm
considers all possible directly preceding separating
pairs, including the one in an optimal solution.
For the intervals between both separating pairs A1

computes the optimal solution while a simple table
lookup is sufficient to obtain the optimal solution for
the remaining presence intervals.

By construction, the optimal solution to 2-
RestrictedMaxTotal is stored in T [m+1,m+2].
There are at most O(n2) separating pairs. Hence, for
a single entry in T we need to execute the linear time
algorithm A1 at most O(n2) times. The number of
entries in T is also bounded by the number of sepa-
rating pairs. Hence our algorithm, which we denote
by A2, has time complexity O(n5).

We prove the correctness of the algorithm by con-
tradiction. Assume that there exists an instance for
which our algorithm does not compute the optimal so-
lution correctly. That means, that there is a smallest
separating pair (Ii, Ij) for which the entry in T [i, j]
does not contain the optimal solution for L[i, j]. Note
that (Ii, Ij) cannot be the dummy separating pair
(I−1, I0) since T [−1, 0] is trivially correct. Hence, the
optimal solution for L[i, j] contains a separating pair
directly preceding (Ii, Ij), which we denote by (Ip, Iq).
Since there is no separating pair between (Ii, Ij) and
(Ip, Iq) is in the optimal solution we can obtain the op-
timal solution for the presence intervals between both
separating pairs by computing A1(R[p, q] ∩ L[i, j]).
Since, by assumption, T [p, q] is correct, A1 is optimal,
and our algorithm explicitly considers all preceding
separating pairs, the entry T [i, j] must contain the

optimal solution for L[i, j]. Thus, the correctness of
our algorithm follows.

Theorem 2 Our algorithm solves 2-Restricted-
MaxTotal in O(n5) time and requires O(n2) space.

This approach can be generalized to solve k-
RestrictedMaxTotal for any k > 2. We natu-
rally extend the definition of separating pairs to sep-
arating k-tuples. Now, we can recursively define an
algorithm Ak that solves k-RestrictedMaxTotal.
We use essentially the same dynamic program as be-
fore, only that we replace algorithm A1 in the recur-
rence relation by Ak−1. Note that Ak is a polynomial-
time algorithm since we need to execute a polynomial-
time algorithm a polynomial number of times. Due
to space constraints we omit the proof of correctness.

Theorem 3 Our algorithm solves k-Restricted-
MaxTotal in polynomial time and space.

We can use the same dynamic program to solve
k-RestrictedMaxTotal in AM2/AM3 by adding,
for each presence interval, all possible subintervals to
Ψ that might be contained in an optimal solution.
The only modification to the algorithm is that during
the computation of an entry of T the algorithm needs
to check if the result is valid according to AM2/AM3.
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[3] K. Been, M. Nöllenburg, S.-H. Poon, and A. Wolff.
Optimizing active ranges for consistent dynamic map
labeling. Comput. Geom. Theory & Appl., 43(3):312–
328, 2010.

[4] M. C. Carlisle and E. L. Lloyd. On the k-coloring of
intervals. Discr. Appl. Math., 59(3):225–235, 1995.

[5] P. Chalermsook and J. Chuzhoy. Maximum indepen-
dent set of rectangles. In Proc. ACM-SIAM Symp.
Discr. Algorithms (SODA’09), pages 892–901, 2009.

[6] R. J. Fowler, M. S. Paterson, and S. L. Tanimoto.
Optimal packing and covering in the plane are NP-
complete. Inform. Process. Lett., 12(3):133–137, 1981.
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